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How well does Turing’s Theory of Morphogenesis work? 
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In 1952 Turing published a paper which showed how under restricted 
conditions a class of chemical reactions could give biological patterns in 
diiusion-coupled cells. Although this theory has been much discussed, 
little has been learnt about the range and type of pattern it can generate. 
In order to do this and to see how stable the patterns are, we have examined 
the system in detail and written a computer program to simulate Turing’s 
kinetics for two morphogens over various assemblies of cells. We find that 
on one-dimensional lines of cells, patterns can indeed be produced and 
that the chemical wavelengths follow all of Turing’s predictions. The 
results show that stable repeating peaks of chemical concentration of 
periodicity 2-20 cells can be obtained in embryos in periods of time of 
less than an hour. We do find however that these patterns are not reliable: 
small variations in initial conditions give small but s&r&ant changes in 
the number and positions of observed peaks. Similar results are observed in 
two-dimensional assemblies of cells. On rectangles, random blotches are 
observed whose position cannot be reliably predicted. On cylinders 
whose circumference is less than the chemical wavelength, annular stripes 
are produced. For larger cylinders, blotches that lie very approximately 
on helices are generated; again sharp prediction of the detailed pattern is 
impossible. 

The significance of these results for the developing embryo is discussed. 
We conclude that Turing kinetics, at least in the simple cases that we have 
studied, are too unreliable to serve as the generating mechanism for features 
such as digits which are characterixed by a consistent number of units. 
The theory is however more than adequate by these criteria to specify less 
well-defined developing patterns such as those of hair follicles or leaf 
organization. It is emphasized however that the Turing theory is quite 
unable to generate regulative systems, only mosaicpatterns can be produced. 

1. Introduction 
It is rare to find in the literature a paper which is completely original: such is 
Turing’s “The chemical theory of Morphogenesis” (1952). Turing was 
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FIG. 4. Turing patterns: the effect of increasing the number of cells in the line. In this and 
subsequent figures, only the Y morphogen concentration is shown (S, = 1.0; I = 84643; 
S = 0.25). 

sign of any regulation. The time required to reach equilibrium is not pro- 
portional to N and is very much shorter than would be predicted on the basis 
of simple diffusion unaided by morphogen synthesis (Crick, 1970). We have 
for example found that an equilibrium pattern over 300 cells each of length 
10 urn is reached in under 20 min. The reason for this is that in the Turing 
system, molecules are required to diffuse only over distances of a few cells- 
a wavelength at most-and not over the total length of the line. 

It can immediately be seen that Turing’s kinetics, inadequate as they are 
for a model of regulation, are a candidate for the underlying mechanism of 
mosaic systems. To demonstrate this, Fig. 5 shows the theoretical result 
obtained when, prior to pattern formation, a line of 60 cells is bisected. The 
resultant distribution of morphogen is but little affected: in the embryo, 
there might be one extra feature in 10 or 11. In this fact, may lie the basis of 
an experimental investigation of the possibility that some organ in the embryo 
uses a Turing system. Bisection of it should result in not more than one extra 
feature. 
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Ede model
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Newman-Frisch model

Dynamics of Skeletal Pattern
Formation in Developing Chick Limb

Stuart A. Newman and H. L. Frisch

A central question in the analysis of
embryonic development is how a field of
cells that are competent to diversify
along more than one pathway do so in a
patterned fashion such that appropriate
structures appear in the correct posi-

shortly after the limb bud emerges from
the body wall at 3 days of incubation, is
essentially complete at 7 days of in-
cubation, when all the skeletal anlagen
have been laid down. After this, the car-
tilaginous elements are gradually re-

Summary. During development of the embryonic chick limb the skeletal pattern is
laid out as cartilaginous primordia, which emerge in a proximodistal sequence over a
period of 4 days. The differentiation of cartilage is preceded by changes in cellular
contacts at specific locations in the precartilage mesenchyme. Under realistic as-
sumptions, the biosynthesis and diffusion through the extracellular matrix of a cell
surface protein, such as fibronectin, will lead to spatial patterns of this molecule that
could be the basis of the emergent primordia. As cellular differentiation proceeds, the
size of the mesenchymal diffusion chamber is reduced in discrete steps, leading to
sequential reorganizations of the morphogen pattern. The successive patterns corre-
spond to observed rows of skeletal elements, whose emergence, in theory and in
practice, depends on the maintenance of a unique boundary condition at the limb bud
apex.

tions. The developing chick limb bud
provides an excellent system for study-
ing this question, because the number of
distinct terminal cell types is small and
their lineage relationships can be exam-
ined in culture (1-3), enough material is
available to permit biochemical charac-
terization of putative morphogenetic
agents (4, 5), and, most importantly, the
macroscopic events of the patterning
process in the chick limb bud are among
the most thoroughly described of any
vertebrate system (6-11).
The chick limb, like other vertebrate

limbs, develops from the embryonic
body wall as a smooth outcropping of
mesenchymal cells covered by a thin lay-
er of ectoderm. The limb bud becomes
paddle-shaped and elongated by growth
under the direction of an ectodermal
thickening, the apical ectodermal ridge
(AER) (6), that rims its distal margin.
During limb outgrowth the differ-
entiation of cartilage proceeds in a
proximodistal direction, giving rise to
the skeletal anlagen that show character-
istic proximodistal, anteroposterior, and
dorsoventral polarities (6, 11) (Fig. 1).
The patterning process, which begins

placed by bone as the patterned limb
continues to increase in size.
Although the mesenchymal cells com-

prising the early limb bud mesoderm ap-
pear to constitute a homogeneous popu-
lation at all levels of microscopic analy-
sis (12-14), it is now known that the po-
tential of these cells to differentiate into
muscle or cartilage is regionalized from
the earliest stages of limb formation (15,
16). This is a consequence of the fact that
the myogenic and chondrogenic pre-
cursor populations have separate points
of embryonic origin and are distinct cell
types that do not mix to any great extent
in the mesoblast (17, 18). Thus, in early
limb buds, regions of chondrogenic po-
tential are confined to the central ""core"
of the mesoderm (16, 17), although at 5
days of incubation the limb tip is poten-
tially almost entirely chondrogenic (1).
Among the cells in the chondrogenic

lineage of the limb, the available options
appear to be cartilage differentiation, and
differentiation into fibroblasts of soft
connective tissue or cell death (1, 19).
The choice of the cartilage option appar-
ently involves changes in cellular con-
tacts among the progenitor cells, both in

0036-8075/79/0817-0662$01.75/0 Copyright 1979 AAAS

culture and in the developing limb itself
(1, 13, 14). This is reflected at the macro-
scopic level in the precartilage con-
densations first described by Fell and
Canti in 1934 (20). Chondrogenic cells
that are kept from participating in these
interactions in culture, and conceivably
in situ, differentiate into fibroblasts or
die off (1, 21). It is therefore reasonable
to suggest that a molecule that encour-
ages cell-to-cell contacts could be re-
sponsible for the initiation of chondro-
genic foci in tissue capable of forming
cartilage. The problem of pattern forma-
tion could then be posed as finding a dy-
namical scheme by which this molecule
could be distributed in appropriate con-
centrations at appropriate places and
times, providing the basis for the emer-
gent skeleton of the limb.

In this article we propose such a
scheme. Since the proximodistal polarity
of the skeletal elements and the order of
their emergence are the most striking as-
pects of vertebrate limb development,
we have concentrated on reproducing
these features. Nevertheless, the more
subtle anteroposterior and dorsoventral
polarities of the limb can also be accom-
modated within our model with relative-
ly straightforward modifications. The
model outlined here has affinities to that
of Turing (22), who first recognized that
coupling chemical reactions to diffusion
can lead to stable, spatially heterogene-
ous patterns of chemical concentration.
We have also been influenced by the
analysis of Drosophila embryogenesis
put forward by Kauffman et al. (23), in
which Turing's theory was extended to
account for pattern succession attendant
on growth.

General Features of the Model

For mathematical convenience we
have treated the limb bud, which ac-
tually has an oval cross section in the
plane perpendicular to the proximodistal
axis, as a parallelepiped with a rectangu-
lar cross section. Figure 2 shows a draw-
ing of a chick wing bud at 5 days of in-
cubation, alongside our schematization.
The limb changes slowly between 3 and 7
days of incubation, adding successive
skeletal elements proximodistally, as it
increases in size almost exclusively
along what we have termed the z axis.
The wing bud, which is about 0.7 milli-

Dr. Newman was an assistant professor in the De-
partment of Biological Sciences, State University of
New York, Albany 12222, and is now an associate
professor in the Department of Anatomy, New York
Medical College, Valhalla 10595. Dr. Frisch is a pro-
fessor in the Departments of Chemistry and Physics,
State University of New York, Albany.
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form that would give it a diffusion con-
stant of a magnitude required by our
model (29). A high concentration of fi-
bronectin at the distal tip of the limb
could promote outgrowth by serving as
an adhesion substrate for the underlying
cells. Significantly, J. Tomasek, working
with one of us (S.A.N.), has demon-
strated by electron microscopy the pres-
ence of an abundance of material resem-
bling fibronectin fibers (44), as well as
hyaluronate-like aggregates (45) directly
subjacent to the AER of the developing
wing bud (46).
We have not speculated on the basis

for the distribution of myogenic versus
chondrogenic mesenchyme in the limb
bud, but we see no reason why the myo-
genic cells might not differentiate into
muscle in response to critical amounts of
the same substance M purported to trig-
ger cartilage differentiation in chondro-
genic cells. Indeed, values of c greater
than zero occur in peripheral, myogenic
regions of the diffusion chamber at all
stages (Figs. 4 and 5). This possibility is
also in line with our tentative identifica-
tion of M with fibronectin, since that
molecule is transiently found in high con-
centrations between differentiating myo-
blasts (47).
Our model might be thought of as giv-

ing a physical interpretation to the prog-
ress zone idea of Summerbell et al. (26),
but it differs from the latter in at least
one important respect. In our analysis it
is not the amount of time spent by a pop-
ulation of cells in the subridge region that
determines the proximodistal character
of the elements they will become part of,
but rather the precise physical dimen-
sions of that region during their resi-
dence there. Of course, under normal
circumstances, the length of the diffu-
sion chamber will vary inversely with its
chronological age, resulting in a general
correspondence between proximodistal
level and time spent in that region.
The diffusion chamber model accounts

well for the distal deficiencies caused by
apical ridge removal during limb devel-
opment (6) as well as the results of tip
transplantation experiments that have
provided a measure of support for the
progress zone idea (26). In addition, the
critical role played by the length of the
diffusion chamber opens up possibilities
for intercalary regulation subsequent to
cutting and grafting, for these operations
can easily create small alterations in the
chamber size. Such regulation has been
shown to occur (48), but it is not ac-
counted for by the progress zone con-
cept.
A comment should be made on the for-
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mation of the wrist. The possibility that
this structure arises during development
from a large number of precartilage con-
densations would present problems for
the kind of arithmetic progression of
modes implied by our model. However,
the best recent estimate of the number of
wrist and ankle condensations in the
chick is three or four (49), as would be
expected on the basis of the present anal-
ysis.
Many questions remain open. How,

within our scheme, can one account for
the anteroposterior and dorsoventral
polarities that characterize the limb?
Must these be introduced by an inde-
pendent gradient-like system of specifi-
cation, as suggested by Tickle and co-
workers (50) and by Wilby and Ede (51),
or can they be accommodated within our
model by using more realistic chamber
shapes, or even nonuniform circum-
ferential boundary conditions for the
system dynamics as might be implied by
the clockface model of pattern regulation
of French et al. (52)? Can the general
scheme we have proposed be accommo-
dated to systems such as the amphibian
limb, which can regenerate in the adult
form (53)? These theoretical questions,
as well as experimental problems raised
by our model, remain to be resolved.

Appendix

In this appendix we derive Eq. 1 and
its solutions. We postulate that there is a
single morphogen M whose concentra-
tion is C. The net rate at which M is pro-
duced by the mesenchymal cells is R(C).
Before the outgrowth of the limb bud be-
gins, M is distributed homogeneously in
the prospective limb region of the body
wall. At some initial time t0, when the
spatially homogeneous value of C is C0,
the special character of the limb tip is es-
tablished that fixes its value of C at Ctip
(54). As the model limb bud grows out
under the influence of its tip, bome M is
absorbed at the other bounding surfaces
(x = 0, x = I, y = 0, and y = 4, in Fig.
2) so that a fixed concentration Cb is
maintained there (55). Inside the model
limb, C is no longer spatially homoge-
neous, but is described by the complete
reaction-diffusion equation for t > t0

dt = DV2C + R(C)ait
After a short transient, a steady

is achieved for which aC/at = 0; th
Eq. Al simplifies to

DV2C + R(C) = 0

(Al)

state
at is.

We assume that the deviation of C from
C0, c, is sufficiently small that we can ex-
pand R(C) in a Taylor series about CO

R(C) = R(CO) + (dR) c + 0(c2)

R(Co) + rc, rT= dR (A3)

where higher-order terms can be neglect-
ed. The deviation ofR from R(C0) is thus
described by a pseudo-first-order rate
constant r, which we take to be positive.
The case of negative r is discussed in
(56). The rate constant r can also be set
equal to the reciprocal of the relaxation
time r for our reaction.

Let

R(Co)
a=r c=a+c (A4)

The number a is assumed to be small.
Now Eq. A3 can be written

R(C) = r(a + c) = rc (A5)
Introducing Eq. A5 into Eq. A2 and re-
calling that C = C0 + c = C0 - a + c,
we have

DV2c + rc = 0, or

V2C + (rc = 0 (A6)

which is the same as Eq. 1. The bound-
ary conditions are that Cb = C0 - a
(that is, c = 0) at all bounding surfaces
except the tip, z = d, and the proximal
end of the diffusion chamber, z = 0. On
the latter two planes, C = C0 - a + 8co
(that is, c =.fc0) and C = C0- a + c0
(that is, c = c0), respectively. The num-
ber (Sc0 is taken sufficiently small that
the approximation in Eq. A3 is valid for
c = f3co - a.
We will look for a solution ofthe form

c = X(x) Y(y) Z(z) (A7)
Inserting this in Eq. A6 yields

d2X Id2Y d2ZYZ X- + Xz-Y + xy-z +

()xYZ= 0

Dividing by XYZ # 0

1 ld2Z r

Z dz2) D

(A8)'11 d2X I d2y
X d2 y dy

The left- and right-hand sides, being
functions of independent variables, must

(A2) have a constant value, which we call k2.
667

 o
n 

D
ec

em
be

r 1
9,

 2
01

0
w

w
w

.s
ci

en
ce

m
ag

.o
rg

D
ow

nl
oa

de
d 

fro
m

 

rows-that is, limbs with four or five dig-
its. The process will only cease when the
production of I is reduced, conceivably
by a fading of ridge activity (35). Then all
cells in the chamber become competent
to respond to M, exhausting any poten-
tial for further addition of elements.
The temporal and spatial pattern of

skeletal elements generated by our mod-
el is depicted in Fig. 6.

The talpid Polydactylous Mutants
of the Chick

At least two recessive lethal mutants
exist that exhibit severe aberrations in
the pattern of limb chondrogenesis. The
most extensively studied have been tal-
pid2 and talpid3, which develop suffi-
ciently in the homozygous state to per-
mit observation of limb development
during the stages under discussion here
(36-40) (Fig. 7).
The present model permits one to ad-

duce several critical changes resulting
from the mutation that might lead to the
anomalies seen in the talpid limbs. For
instance, the intrinsic responsivity of the
precartilage cell to the molecule M might
be heightened, a possibility we suggested
on independent grounds (41). Alterna-
tively, the strength of the signal M might
also be increased, through a change in ei-
ther the distal boundary value of M,
coeAd, or the rate R(c) by which M is pro-
duced and broken down by the cells. The
latter possibility is consistent with the
finding by Ede and co-workers (40) that
the mesenchymal cells of talpid3 have al-
tered adhesivity properties. However,
these changes would seem better able to
account for the relatively amorphous
syndactylous patterns often observed in
the talpid mutants, in contrast to the
strictly polydactylous forms, which are

also frequently seen.

Here we would like to suggest an ex-

planation for polydactyly that naturally
arises from the particular model we have
proposed. In the normal course of devel-
opment the modes of higher order, corre-
sponding to larger numbers of parallel
skeletal elements, are presumed to arise
as a decreasing d forces an increase in mv
to keep S constant. In the talpid limbs,
the length in the y direction, 4v, is not
constant as it is in normal limbs; rather,
it increases with time. In the case of the
mutant, Eq. 5 can be rewritten as

s -7r2D = mx2 + ml2 - 72

= 4.4/d (9)
666
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Fig. 6.;.Patterns of chondrogenesis predicted
by the model described in the text at succes-
sive stages of development. Elongation of
"skeletal elements" is based on empirical
measurements (8, 10). Solid black represents
cartilage or precartilage condensation; stip-
pling represents hypothetical distribution of
substance M in competent tissue preceding
overt chondrogenesis. Hamburger-Hamilton
stages (33) to which the model stages corre-
spond are indicated by numbers.

Here the growth in the variable 4, has an

effect similar to the decrease in d, as

these factors enter into S' with different
signs. Consequently, within the physical
constraints common to the normal and
mutant limb buds, modes of a higher or-

der than those characteristic of the nor-

mal limb will tend to form in the talpid
limbs, resulting in an increased number
of digits dependent on the extent of
anomalous expansion in the y direction
(42).

It is, of course, possible that several of
the factors discussed in this section
might contribute to the talpid phenotype.
Such factors could even be interrelated;
for example, an overproduction of M
(perhaps fibronectin) might simultane-
ously increase the extent of supra-

L l

.2mm

(b)

lmm

Fig. 7. Shapes of 4-day wing buds (left) and
skeletal patterns of 9-day wings (right) of (a)
normal and (b) talpid2 embryos. Drawings of
4-day wing buds are based on tracings of
Cairns (37). Drawings of 9-day skeletons are
based on whole mount photographs of
Goetinck and Abbott (38).

threshold levels of the morphogenetic
signal, cause the individual cells to be
more adhesive, and act so as to expand
the diffusion chamber in the y direction
by lengthening the apical ectodermal
ridge. We suggest, however, that the ab-
errantly large number of distinct ele-
ments characteristic of the talpid pheno-
type can best be understood by consid-
ering the dynamical aspects pointed to
by our analysis.

Conclusions

We have presented a simple model for
the generation of the proximodistal se-
quence of skeletal elements during the
development of the chick wing bud. We
have not found it necessary to postulate
any unusual nonlinear or multicompo-
nent kinetic schemes to generate the dis-
continuous "'switches" in pattern prop-
erties that characterize the limb, as well
as many other developing systems.
Rather, we have relied on a coupling be-
tween the metabolism of a single cell sur-
face component and its diffusion through
the extracellular matrix to generate
standing waves of this putative morpho-
genetically active material. We have also
not needed to posit the growth ofrandom
fluctuations to break the spatial symme-
try of the morphogen concentration, for
the imposition of a nonzero value for fco
in the solution of our dynamical equa-
tion, together with our absorption
boundary conditions (see Appendix),
forces sinusoidal modes on the spatial
distribution of the concentration dis-
placement c. Although growth of random
fluctuations could be an important
means of symmetry-breaking in relative-
ly homogeneous systems such as a
Drosophila egg or imaginal disk (23), it
would clearly not be satisfactory in the
developing limb bud, which must at
some point take its positional bearings
from the symmetries already established
in the partially developed organism. We
have therefore taken advantage of the
existence of the AER as a unique factor
in limb development (6) and, in terms of
the requirements of our model, have at-
tempted to specify the roles that it may
play in actual development.

It is notable that the postulated mor-
phogenetic substance M resembles in
every respect the peripheral cell surface
protein fibronectin (29). The latter is pro-
duced by precartilage mesenchyme (5),
is sloughed off the surfaces of cells into
the extracellular matrix (29, 43, 44), is in-
volved in intracellular adhesion (29), and
has a molecular weight in its dimeric
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Dynamics of Skeletal Pattern
Formation in Developing Chick Limb

Stuart A. Newman and H. L. Frisch

A central question in the analysis of
embryonic development is how a field of
cells that are competent to diversify
along more than one pathway do so in a
patterned fashion such that appropriate
structures appear in the correct posi-

shortly after the limb bud emerges from
the body wall at 3 days of incubation, is
essentially complete at 7 days of in-
cubation, when all the skeletal anlagen
have been laid down. After this, the car-
tilaginous elements are gradually re-

Summary. During development of the embryonic chick limb the skeletal pattern is
laid out as cartilaginous primordia, which emerge in a proximodistal sequence over a
period of 4 days. The differentiation of cartilage is preceded by changes in cellular
contacts at specific locations in the precartilage mesenchyme. Under realistic as-
sumptions, the biosynthesis and diffusion through the extracellular matrix of a cell
surface protein, such as fibronectin, will lead to spatial patterns of this molecule that
could be the basis of the emergent primordia. As cellular differentiation proceeds, the
size of the mesenchymal diffusion chamber is reduced in discrete steps, leading to
sequential reorganizations of the morphogen pattern. The successive patterns corre-
spond to observed rows of skeletal elements, whose emergence, in theory and in
practice, depends on the maintenance of a unique boundary condition at the limb bud
apex.

tions. The developing chick limb bud
provides an excellent system for study-
ing this question, because the number of
distinct terminal cell types is small and
their lineage relationships can be exam-
ined in culture (1-3), enough material is
available to permit biochemical charac-
terization of putative morphogenetic
agents (4, 5), and, most importantly, the
macroscopic events of the patterning
process in the chick limb bud are among
the most thoroughly described of any
vertebrate system (6-11).
The chick limb, like other vertebrate

limbs, develops from the embryonic
body wall as a smooth outcropping of
mesenchymal cells covered by a thin lay-
er of ectoderm. The limb bud becomes
paddle-shaped and elongated by growth
under the direction of an ectodermal
thickening, the apical ectodermal ridge
(AER) (6), that rims its distal margin.
During limb outgrowth the differ-
entiation of cartilage proceeds in a
proximodistal direction, giving rise to
the skeletal anlagen that show character-
istic proximodistal, anteroposterior, and
dorsoventral polarities (6, 11) (Fig. 1).
The patterning process, which begins

placed by bone as the patterned limb
continues to increase in size.
Although the mesenchymal cells com-

prising the early limb bud mesoderm ap-
pear to constitute a homogeneous popu-
lation at all levels of microscopic analy-
sis (12-14), it is now known that the po-
tential of these cells to differentiate into
muscle or cartilage is regionalized from
the earliest stages of limb formation (15,
16). This is a consequence of the fact that
the myogenic and chondrogenic pre-
cursor populations have separate points
of embryonic origin and are distinct cell
types that do not mix to any great extent
in the mesoblast (17, 18). Thus, in early
limb buds, regions of chondrogenic po-
tential are confined to the central ""core"
of the mesoderm (16, 17), although at 5
days of incubation the limb tip is poten-
tially almost entirely chondrogenic (1).
Among the cells in the chondrogenic

lineage of the limb, the available options
appear to be cartilage differentiation, and
differentiation into fibroblasts of soft
connective tissue or cell death (1, 19).
The choice of the cartilage option appar-
ently involves changes in cellular con-
tacts among the progenitor cells, both in
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culture and in the developing limb itself
(1, 13, 14). This is reflected at the macro-
scopic level in the precartilage con-
densations first described by Fell and
Canti in 1934 (20). Chondrogenic cells
that are kept from participating in these
interactions in culture, and conceivably
in situ, differentiate into fibroblasts or
die off (1, 21). It is therefore reasonable
to suggest that a molecule that encour-
ages cell-to-cell contacts could be re-
sponsible for the initiation of chondro-
genic foci in tissue capable of forming
cartilage. The problem of pattern forma-
tion could then be posed as finding a dy-
namical scheme by which this molecule
could be distributed in appropriate con-
centrations at appropriate places and
times, providing the basis for the emer-
gent skeleton of the limb.

In this article we propose such a
scheme. Since the proximodistal polarity
of the skeletal elements and the order of
their emergence are the most striking as-
pects of vertebrate limb development,
we have concentrated on reproducing
these features. Nevertheless, the more
subtle anteroposterior and dorsoventral
polarities of the limb can also be accom-
modated within our model with relative-
ly straightforward modifications. The
model outlined here has affinities to that
of Turing (22), who first recognized that
coupling chemical reactions to diffusion
can lead to stable, spatially heterogene-
ous patterns of chemical concentration.
We have also been influenced by the
analysis of Drosophila embryogenesis
put forward by Kauffman et al. (23), in
which Turing's theory was extended to
account for pattern succession attendant
on growth.

General Features of the Model

For mathematical convenience we
have treated the limb bud, which ac-
tually has an oval cross section in the
plane perpendicular to the proximodistal
axis, as a parallelepiped with a rectangu-
lar cross section. Figure 2 shows a draw-
ing of a chick wing bud at 5 days of in-
cubation, alongside our schematization.
The limb changes slowly between 3 and 7
days of incubation, adding successive
skeletal elements proximodistally, as it
increases in size almost exclusively
along what we have termed the z axis.
The wing bud, which is about 0.7 milli-

Dr. Newman was an assistant professor in the De-
partment of Biological Sciences, State University of
New York, Albany 12222, and is now an associate
professor in the Department of Anatomy, New York
Medical College, Valhalla 10595. Dr. Frisch is a pro-
fessor in the Departments of Chemistry and Physics,
State University of New York, Albany.
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On the Newman-Friseh Model of Limb Chondrogenesis 

H. G. OTHMERt 

Dept of  Mathematics, University of  Utah, Salt Lake City, Utah 84112, U.S.A. 

(Received 1 February 1986) 

Several years ago Newman & Frisch (1979a) postulated a reaction-diffusion model 
to explain the emergence of  skeletal primordia in the developing chick limb, and 
judging by the frequency at which it is cited in both the experimental and theoretical 
literature, it is widely believed that this model can provide a plausible explanation 
for the observed sequence of  condensations in this system and similar systems 
(Science Citation Indices lists 35 citations from 1979 to 1984, only a few of which 
criticize the model). Despite this apparent acceptance the model has not been 
critically evaluated from the mathematical standpoint. This note is addressed to the 
mathematical aspect of the model, and our purpose is to show that their model is 
too simple to generate the desired patterns. Of course this does not preclude the 
possibility that a more complicated version of  the model may produce these patterns. 

The limb bud emerges from the embryonic body wall as an outcropping of 
mesenchymal cells, and in the model it is assumed that these cells produce a 
morphogen M that can trigger cartilage differentiation in competent cells at 
sufficiently high concentrations. Prior to outgrowth M is supposed to be uniformly 
distributed throughout the prospective limb region of the body wall, and at the 
instant to of  outgrowth its concentration is C(to) = Co. The growing limb is represen- 
ted as a rectangular solid whose x, y and z axes correspond to the dorsoventral, 
anteroposterior and proximodistal axes of the limb, respectively. This solid occupies 
the region 0-< x <-ix, 0 <- y-< ly, 0 -  < z-< d, where z = d corresponds to the limb tip, 
and d is a slowly decreasing function of  time. It is assumed that at t = to the cells 
at the tip differentiate from other cells, and thereafter the concentration C of the 
morphogen M is held at Ctip at z =  d. For t >  to, the concentration in the interior 
of  the limb evolves according to the scalar reaction-diffusion equation 

OC - - =  D V 2 C +  R ( C )  (1) 
Ot 

where R ( C )  is the net rate of  production of  M. On the boundary C satisfies the 
conditions 

C(x,  y, d, t) = C~ip 

C(O, y, z, t) = C(lx, y, z, t) = C(x, O, z, t) = C(x,  ly, z, t) = Cb 

where Cb is fixed. As it stands the problem is not well-posed, for no condition on 
C is specified at z = 0 for t > to. Nonetheless, the authors assume that (1) has a 

t Supported in part by NIH Grant # GM29123. 
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1変数では安定な構造ができない

u� = au + d�u

k2

�

u = u0e
�tsinkx

� = a� k2d

特徴長さなし



修正
J. theor. Biol. (1988) 134, 183-197 

On the Stationary State Analysis of Reaction-Diffusion 
Mechanisms for Biological Pattern Formation 

STUART A. NEWMAN,  

Department of Anatomy, New York Medical College, Valhalla, 
New York 10595, U.S.A. 

H. L. FRISCH 

Department of Chemistry, State University of New York at Albany, Albany, 
New York 12222, U.S.A. 

AND 

J. K. PERCUS 

Courant Institute of Mathematical Sciences and Department of Physics, 
New York University, New York 10012, U.S.A. 

(Received 20 October 1987, and in revised form 25 March 1988) 

We present a biologically plausible two-variable reaction-diffusion model for the 
developing vertebrate limb, for which we postulate the existence of a stationary 
solution. A consequence of this assumption is that the stationary state depends on 
only a single concentration-variable. Under these circumstances, features of potential 
biological significance, such as the dependence of the steady-state concentration 
profile of this variable on parameters such as tissue size and shape, can be studied 
without detailed information about the rate functions. As the existence and stability 
of stationary solutions, which must be assumed for any biochemical system governing 
morphogenesis, cannot be investigated without such information, an analysis is 
made of the minimal requirements for stable, stationary non-uniform solutions in 
a general class of reaction-diffusion systems. We discuss the strategy of studying 
stationary-state properties of systems that are incompletely specified. Where abrupt 
transitions between successive compartment-sizes occur, as in the developing limb, 
we argue that it is reasonable to model pattern reorganization as a sequence of 
independent stationary states. 

I. Introduction 

In 1952, Turing showed that the coupling of  reaction and diffusion of  initially 
uniform chemical substances in a bounded domain could lead to the emergence of  
stationary, non-uniform concentration distributions. These, in turn, were proposed 
to provide the basis for pattern formation during embryonic development (Turing, 
1952). A generalization of  this idea, also implicit in Turing's paper, is that systems 
that are initially non-uniform can be made to develop more elaborate patterns by 
reaction-diffusion mechanisms. Since that time, Turing's concepts have been applied 
to a variety of  developing systems (Gierer & Meinhardt, 1972; Kauffman, Shymko 
& Trabert, 1978; Lacalli & Harrison, 1978; Newman & Frisch, 1979). The biological 
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2. The Model 

In our earlier paper we suggested that local high concentrations of the adhesive 
glycoprotein, fibronectin, could promote cellular condensations in limb precartilage 
mesenchymal tissue, and thus provide a prepattern for the spatiotemporal develop- 
ment of the limb skeleton (Newman & Frisch, 1979). Subsequent work by ourselves 
and others on changing patterns of fibronectin distribution in the developing limb 
in various species (Dessau, et al. 1980; Melnick et al. 1981; Newman et al. 1981; 
Silver et al. 1981; Kosher et al. 1982; Tomasek et al. 1982) have shown that this 
glycoprotein is indeed present at the times and places appropriate to its proposed 
role. Studies on physical effects mediating cell translocation into fibronectin-rich 
extracellular matrices (Newman et al. 1985; 1986; 1987) have suggested, in agreement 
with our model, that the presence of fibronectin at specific sites in developing 
mesenchymal tissue may promote, rather than merely reflect, cell condensation. 

Based on recent progress in the biochemistry of developing mesenchymal tissues, 
we can add detail to our model, at the same time retaining a large degree of generality 
of mechanism. We continue to treat the case of a simple diffusible agent, which we 
now tentatively identify as the secreted mesenchymal product, transforming growth 
factor fl (TGF-fl;  Massagu6, 1985). This substance acts in an autocrine fashion to 
enhance the production of  fibronectin (Ignotz & Massagu6, 1986), which as before 
(Newman & Frisch, 1979) we take to be the morphogenetic agent that directly 
mediates cellular condensation, and hence directs the pattern of chondrogenesis in 
the developing limb. The reaction-diffusion equation governing the concentration 
of  TGF-fl is given by 

8 C =  D v 2 C  + R ( C ,  {v})  (1) 
Ot 

where C is the TGF-fl concentration, D its diffusion coefficient, and {v} includes 
chemical concentrations of  cofactors of the morphogen, and other system variables, 
such as the rates of change of tissue-domain size.t We consider a case in which the 
set {v} consists of precisely one additional variable, which we take to represent the 
concentration of  fibronectin, /. While TGF-fl  is presumed to diffuse through the 
extracellular matrix, fibronectin will bind to the cell surface (Akiyama & Yamada, 
1987) and not diffuse. The time-dependent description of this two-component system 
can be written: 

OC 
- R(C, I ) + D V 2 C  (2) 

3t 

Ol 
- - =  F ( C  - ) , I ) .  (3) 
Ot 

R can be a quite general polynomial function of its two independent arguments, 
representing TGF-fl 's  positive regulation of its own synthesis (Van Obberghen- 

t In our previous treatment (Newman & Frisch, 1979) we omitted the designation {v} in our eqn (A1), 
corresponding to eqn (1). This schematic time-dependent formula, which was not considered any further, 
may have misled some readers by appearing to depend only on C. 

• ２変数モデルへ
• 以後実験的検証



Mechanochemical model

J. Murray
"Mathematical Biology" Chemotaxis部分しか使っていない



実験により否定？



周辺環境の固さと
パターンの特徴長さ

Disperse cells in
Ca, Mg free

trypsin solution

Incubate 2 hour
Cells attach to the dish

10 µl drops are 
placed on dish

Incubate 5 days

Add 2ml liquid medium
or gel soltuion

Disperse cells to single
cell level using nylon

mesh filter
Day 10.5 mouse

limb bud

Miura & Shiota, 2000



TGFb2 as an activator

Control - TGFß2
Treated - TGFß2

Control TGFß2

B

C D

A

Miura & Shiota, Dev Dyn 217: 241- (2000)



J. Sharpe 

• R

2010 発生生物学会（京都）





自発的パターン形成

• Sox9(+)細胞のみを分離し
て培養してもパターンが
できる

• Sox9(-) 細胞との遺伝子発
現の差をスクリーニング



候補となる遺伝子のスクリーニング

• TGFb2は下流だった…



モデル



実験的なperturbation



３変数のTuring系の全探索

•拡散係数の制約なし



Still open problem

•「三浦さん、あんな論文なんで通ったんで
すか！」（匿名S）

• Wnt側の証拠が弱い（mRNAの空間分布が
一様＋そもそも軟骨分化ではあまりmajor

なプレイヤーではない）

•拡散係数の差は計測できるのでは？



Fractal geometry

Mandelbrot set DLA Koch curve



 縫合線とフラクタル



 縫合線とフラクタル

J. Morphol. 185. 285- (1985)



濫用

Murray Mathematical Biology, 2nd ed.

• Box count で計測が簡単に
できる＞測って「フラクタ
ルです」と主張するだけ
の論文量産



Eden 衝突モデル

Prof S. Miyajima, FORMA 19, 197-205 (2004)



u: 組織の分化度

v: 基質因子

Mesenchyme
Osteocyte

Substrate molecule

+

u
′ = u − u

3 + a1v + a0 + h(t)∆u

v
′ = ϵ(−u − v) + h(t)δ∆v

反応拡散＋時間依存パラメータ

Miura et al., 2009



直感的説明

Spatial scale

Time

Koch 曲線



Swarm oscillators

No noise.

No prepattern.

No parameter tuning.

PRL 99, 134103 (2007)



Mathematicaで実装

Norm[], Normalize[]で
コンパクトに表現



大脳皮質の層構造



エレベーター運動

• 分化した
Neuron

• エレベーター
運動する細胞

宮田先生



似ている。

 i ! zi



分裂なしモデル

• 細胞周期Φ
• 座標

U(r) = 0 (r > 1)

(r  1)
Exclusion volume�1

Φはzの影響を受けない
ri = (xi, yi, zi)

�0
i = c1

相互作用 z方向の運動

~ri
0
=

jX
U(|~rj � ~ri|)

~ri
|~ri|

+ c2(0, 0, zi � cos(�i))



分裂なしモデル

中間評価に活用したらしい



強化合宿（三浦研）
• Mathematicaの
コーディング+

モデルのプログ
ラミング

• 1/7-11の４日間

篠田友靖
長坂新



細胞間相互作用

2 4 6 8 10
um

5

10

15

20

25

30

35

Repulsion

• ある程度ソフト＞LJPではなく
線形関数

• 一定距離以上は0



周辺の混み合いによる 
位相（細胞周期）の変化

G
2

M

G
1-

S

Basal

Apical

• いちばんApical側のみで細胞分裂
が起こる（中心体の存在）

• G1: Apical面に達するまでは能動的
に動く

• M: 1時間

• G2-S: 6時間。能動的な移動必要

• 細胞間相互作用で運動が遅れると
周期がずれる



周辺の混み合いによる 
位相（細胞周期）の変化

• M期はApical面のみ！
（中心体）

• Apical面が移動する：
相対位置の変化？



細胞分裂

• Apical面のみで起こる

• 方向はランダム
• エレベーター運動す
る層の厚みは一定＞
離脱する細胞を定義



細胞の最適位置

• Apical面、Basal面に到
達したときは同じx, y 

座標に動く

(c) 名古屋大宮田研



数値計算とFucci

Geminin (G2 marker)

＞北大長山研にパス
1次元の連続モデルに落とせないか？


